In this paper, we prove the generalized Hyers-Ulam stability for the following quartic functional equation
Introduction and preliminaries
The stability problem of functional equations originated from a question of Ulam [14] concerning the stability of group homomorphisms:
Let (G 1 , * ) be a group and let (G 2 
, , d) be a metric group with the metric d(·,·). Given > 0, does there exists δ( ) > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d h(x * y), h(x) h(y) < δ
for all x, y ∈ G 1 , then there is a homomorphism H :
h(x), H (x) <
for all x ∈ G 1 ?
In other words, we are looking for situations when the homomorphisms are stable, i.e., if a mapping is almost a homomorphism, then there exists a true homomorphism near it. In 1941, Hyers [4] considered the case of approximately additive mappings in Banach spaces and satisfying the well-known weak Hyers inequality controlled by a positive constant. The famous Hyers stability result that appeared in [4] was generalized in the stability involving a sum of powers of norms by T. Aoki [1] . In 1978, Th.M. Rassias [12] provided a generalization of Hyers' Theorem which allows the Cauchy difference to be unbounded.
Theorem (Th.M. Rassias). Let f : E → E be a mapping from a normed vector space E into a Banach space E subject to the inequality
for all x, y ∈ E, where and p are constants with > 0 and p < 1. Then the limit
exists for all x ∈ E and L : E → E is the unique additive mapping which satisfies
J.M. Rassias [8] [9] [10] following the spirit of the innovative approach of Th.M. Rassias [12] for the unbounded Cauchy difference proved a similar stability theorem in which he replaced the factor x p + y p by x p y q for p, q ∈ R with p + q = 1.
During the last decades several stability problems of functional equations have been investigated in the spirit of Hyers-Ulam-Rassias. The reader is referred to [2, 5, 6, 13] and references therein for detailed information on stability of functional equations.
In [7] , S. Lee et al. considered the following quartic functional equation
and they established the general solution and the stability problem for the functional equation (1) (see also [11] ). It is easy to show that the function f (x) = x 4 satisfies the functional equation (1), which is called a quartic functional equation and every solution of the quartic functional equation is said to be a quartic mapping.
In this paper, using the idea of Gȃvruta [3] we prove the Hyers-Ulam stability of quartic functional equation (1). Thus we find the condition that there exists a true quartic function near an approximately quartic function.
Stability of the quartic functional equation (1)
Throughout this section X denotes a linear space and (Y, . Y ) is a Banach space.
Theorem 1. Let f : X → Y be a mapping for which there exists a function
and
for all x, y ∈ X, where δ 0. Then there exists a unique quartic mapping T : X → Y such that
for all x ∈ X.
Proof. Letting y = 0 in (3), we get
If we replace x by 2 n−1 x in (5) and divide both sides of (5) by 2 4n−4 , we infer that
for all x ∈ X and integers n 1. Therefore we have
for all x ∈ X and integers n > m 0. Hence we obtain
for all x ∈ X and integers n > m 0. Thus {2 −4n f (2 n x)} is a Cauchy sequence in Y for all x ∈ X. Since Y is complete, there exists a mapping T : X → Y defined by
for all x ∈ X. Letting n → ∞ in (7), we get the inequality (4). It follows from (2) and (3) that
for all x, y ∈ X. It proves that T : X → Y is a quartic mapping. Let Q : X → Y be another quartic mapping satisfying (4). Since the mapping Q : X → Y satisfies (1), then
for all x ∈ X (it follows by letting y = 0 in (1)). Therefore we have
So we have T (x) = Q(x)
for all x ∈ X. This proves the uniqueness of T . 2
Corollary 2. Let (E, . E ) be a normed space and let δ, , θ, p and q be nonnegative real numbers such that p, q < 4. Suppose that f : E → Y is a mapping fulfilling
for all x, y ∈ E. Then there exists a unique quartic mapping T : E → Y such that
for all x ∈ E.
Proof. In Theorem 1, let
So we obtain (9) from (4). 2 (10) for all x ∈ E \ {0}, y ∈ E. Then there exists a unique quartic mapping T : E → Y such that
Corollary 3. Let (E, . E ) be a normed space and let δ, , θ , q be nonnegative real numbers with q < 4 and let p be a real number with p < 0. Suppose that f : E → Y is a mapping fulfilling
for all x ∈ E \ {0}.
Therefore we obtain (11) from (4). 2
Theorem 4. Let f : X → Y be a mapping for which there exists a function
for all x, y ∈ X. Then there exists a unique quartic mapping T : X → Y such that
Proof. It follows from (12) that ϕ(0, 0) = 0. So we get f (0) = 0 from (13) . Therefore it follows from (5) that
for all x ∈ X. If we replace x by x/2 n and multiply both sides of (15) to 2 4n , we infer that
for all x ∈ X and integers n 0. Similar to the proof of Theorem 1, we have
for all x ∈ X and integers n > m 0. Thus {2 4n f (2 −n x)} is a Cauchy sequence in Y for all x ∈ X. Since Y is complete, there exists a mapping T : X → Y defined by
for all x ∈ X. Letting n → ∞ in (17), we get the inequality (14) . The rest of the proof is similar to the proof of Theorem 1. 
for all x ∈ E. 
for all x, y ∈ E (for all x ∈ E \ {0}, y ∈ E when p < 0). Then the mapping f : E → Y is a quartic mapping.
Proof. We have two cases:
Case I. p + q > 4. for all x ∈ E and all n ∈ Z. So we have T (x) = f (x) for all x ∈ E where T : E → Y is the quartic mapping defined in the proof of Theorem 4. So the mapping f : E → Y is a quartic mapping.
Case II. p + q < 4.
In Theorem 1, let δ = 0 and ϕ(x, y) = θ y q E , p= 0, θ x p E y q E , p = 0, for all x, y ∈ E (for all x ∈ E \ {0}, y ∈ E when p < 0). The rest of the proof is similar to the proof of Case I. 2
